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Abstract 
 
We introduce a novel principle for graph search optimization: deterministic tie-breaking through 
arithmetic node ordering. When exploring graphs with limited heuristic information, we 
demonstrate that simple, consistent ordering functions (digit sum, modulo-2 parity, inverted 
factorization) dramatically reduce exploration steps compared to random or computationally 
expensive strategies. 
 
Through systematic evaluation on 150 random graphs, we show: 
 

●​ DigitSum ordering: 7.76 average steps (champion) 
●​ Mod2 parity: 8.46 steps (+8.2%, statistically tied) 
●​ Baseline comparison: 69-75% improvement over complex heuristics 

 
Counterintuitively, computational simplicity correlates with performance: O(1) strategies 
outperform O(√n) number-theoretic approaches. We provide evidence that this effect stems from 
consistency rather than domain knowledge - any deterministic ordering reduces search variance 
compared to random exploration. 
 
This principle generalizes beyond graphs to scheduling, routing, and resource allocation, offering 
practical guidance: when prediction is unreliable, favor simple, consistent rules over complex 
heuristics. 
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1. Introduction 

1.1 The Tie-Breaking Problem 
 
Graph search algorithms (DFS, BFS, A*) frequently encounter situations where multiple nodes 
appear equally promising. The choice of which to explore first—the tie-breaking strategy —can 
significantly impact performance, yet receives limited attention in literature. 
 
Traditional approaches include: 
 

●​ Random selection: Simple but introduces variance 
●​ Degree-based: Prioritize high-connectivity nodes [Freeman, 1977] 
●​ Centrality metrics: Betweenness, closeness [Brandes, 2001] 
●​ Domain heuristics: Problem-specific knowledge [Hart et al., 1968] 

 

1.2 Our Contribution 
 
We propose and validate a family of arithmetic ordering strategies that achieve superior 
performance through deterministic consistency rather than domain intelligence: 
 
1. DigitSum: Order nodes by sum of decimal digits (7.76 steps average) 
2. Mod2: Even/odd parity (8.46 steps, O(1) complexity) 
3. Inverted Factorization: Prioritize simple prime structure (8.85 steps) 
 
Key Insight: These trivial functions outperform sophisticated heuristics by 69-75%  because they 
provide *consistent structure* to exploration without computational overhead. 
 

1.3 Practical Impact 
 
Our findings challenge the assumption that domain knowledge improves heuristics: 
 

●​ Industrial applications: Justifies simple tie-breaking (FIFO, round-robin) in production 
systems 

●​ Algorithm design philosophy: Consistency > Intelligence when prediction is unreliable 
●​ Generalization: Applies to scheduling, cache replacement, load balancing 
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2. Related Work 

2.1 Informed Search 
 

●​ A\* and variants  [Hart et al., 1968] use domain-specific distance functions but don't address 
tie-breaking when h(n) values coincide. 
 

●​ Degree centrality  [Freeman, 1977]: High-degree nodes as exploration hubs, but requires 
O(N) preprocessing. 
 

●​ Betweenness centrality  [Brandes, 2001]: Identifies bridge nodes, O(NM) complexity 
prohibitive for large graphs. 

 

2.2 Tie-Breaking in Search 
 
LIFO/FIFO policies in DFS/BFS are deterministic but arbitrary - no prior work systematically 
studied if *which* deterministic rule matters. 
 
Random tie-breaking [Korf, 1985]: Increases variance, can degrade performance. 
 
Gap in literature: No comprehensive study of simple arithmetic functions for node ordering. 
 

2.3 Our Position 
 
We demonstrate that any consistent ordering* outperforms randomness, and simpler functions 
(O(1)) beat complex ones (O(√n)) due to computational efficiency. This contradicts the intuition 
that "smarter" heuristics always win. 
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3. Methodology 

3.1 Arithmetic Ordering Strategies 
 
We evaluate eight strategies spanning complexity spectrum: 
 

 
*HFP heuristic factor prime, explained above  
 
Design principle: Test hypothesis that simpler, more uniform partitions yield better exploration. 
 

3.2 Experimental Setup 
 
Graphs: Erdős-Rényi G(n, p) random graphs 
- n = 50 nodes (main experiments) 
- p = 0.12 (connectivity ~6 edges/node) 
- 150 independent graphs 
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Task: Depth-First Search from node 0 to node 49 
 
Metric: Exploration steps until target found 
 
Statistical tests: 
 
- Paired t-tests between strategies (α = 0.05) 
- Bonferroni correction for multiple comparisons 
- Cohen's d for effect size 
- Coefficient of variation (CV) for consistency 
 

3.3 Implementation 
 
Unified search engine with pluggable ordering function: 
 
```python 
def search(G, start, end, order_func): 
    stack, visited = [start], set() 
    steps = 0 
     
    while stack and steps < 5000: 
        node = stack.pop() 
        if node in visited: continue 
        visited.add(node) 
        steps += 1 
         
        if node == end: return steps 
         
        # Key innovation: deterministic ordering 
        neighbors = sorted( 
            [n for n in G.neighbors(node) if n not in visited], 
            key=order_func 
        ) 
        stack.extend(neighbors) 
     
    return steps 
``` 
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4. Results 

4.1 Performance Ranking 
 
Table 1: Strategy Performance (150 graphs, n=50) 
 

 
* HFP  heuristic factor prime 
Statistical significance: 
 

●​ Top 3 strategies: No significant difference (p > 0.05) 
●​ All strategies significantly beat GoldenHash (p < 0.001) 
●​ DigitSum vs Prime-HFP: d = -2.01 (very large effect) 
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4.2 Key Findings 
 
Finding 1: Simplicity Wins 
 
- O(1) strategies (Mod2, Mod3) outperform O(√n) strategies (Prime-HFP) 
- Computational efficiency allows faster node expansion 
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- No correlation between complexity and quality 
 
Finding 2: Uniform Partitions Optimal 
 
- Near 50/50 splits (DigitSum, Mod2) perform best 
- Skewed partitions (Prime-HFP: 65/35) create imbalanced exploration trees 
- Extreme partitions (GoldenHash: continuous) worst performers 
 
Finding 3: Consistency > Intelligence 
 
- All deterministic strategies beat random exploration 
- Effect independent of whether ordering "makes sense" topologically 
- Implication: Structure itself reduces variance 
 

 

4.3 Scalability Analysis 
 
Testing n ∈ {20, 50, 100, 200, 500}: 
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Observation: Performance gap increases with scale. 
 
- DigitSum scaling: O(N^0.65) 
- Prime-HFP scaling: O(N^0.82) 
- Computational overhead compounds at large N 
 

4.4 Topology Robustness 
 
Testing across graph types: 
 

 
* HFP heuristic factor prime 
 
ANOVA: No significant interaction between strategy and topology (F = 1.07, p = 0.38) 
 
- Interpretation: Arithmetic ordering is topology-agnostic 
- Works uniformly across structural patterns 
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5. Analysis 

5.1 Why Arithmetic Ordering Works 
 
Hypothesis: Random tie-breaking creates chaotic exploration with high variance. Any consistent 
ordering imposes structure, reducing redundant path exploration. 
 
Mechanism: 
 
1. Deterministic ordering → predictable neighbor expansion 
2. Predictability → fewer cycles in exploration graph 
3. Fewer cycles → lower expected steps to target 
 
Mathematical intuition:  
 
- Random walk variance: V(random) ∝ N² 
- Ordered walk variance: V(ordered) ∝ N^α, where α < 2 
- Our data suggests α ≈ 1.3 for optimal strategies 
 
5.2 The Simplicity Advantage 
 
Three factors explain O(1) strategy dominance: 
 

1. Computational Speed 
 
Time per node: 
 

●​ Mod2:      ~1 CPU cycle (bitwise AND) 

●​ DigitSum:  ~log₁₀(n) operations (~6 for n<10⁶) 

●​ Prime-HFP: ~√n trial divisions (~223 for n<10⁶) 

 
With 10⁴ nodes explored, Prime-HFP spends 100x more on ordering than search itself. 
 

2. Near-Uniform Partitioning 
 

●​ 50/50 splits (Mod2) create balanced exploration trees 

●​ Avoids early pruning of large subgraphs 
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●​ Maximizes breadth before depth in DFS 

 
3. Cache Friendliness 
 

- Simple arithmetic uses CPU registers 
- Complex factorization causes cache misses 
- Modern CPUs: 1 cycle (L1) vs 100+ cycles (RAM) 

5.3 Inverted-HFP Success Story 
 
HFP (Prime Factor Heuristic) is a number-theoretic node classification method based on prime 
factorization: nodes with exactly 2 distinct prime factors are labeled "Shell (Simple)", while all 
others are "Core (Complex)". We test two variants: Prime-HFP (prioritizes Core nodes) and 
Inverted-HFP (prioritizes Shell nodes). 
 
Inverted-HFP (8.85 steps) significantly outperforms Prime-HFP (25.31 steps) using identical 
factorization logic, just reversed priority. 
 
Explanation: Not about topological intelligence, but accidental correlation avoidance. 
 
Sequential node IDs (0-49) in test graphs 
Prime-HFP prioritizes high-factor nodes (larger IDs) 
Larger IDs tend to be farther from source node 0 
Inversion breaks this anti-correlation 
 
Lesson: Domain-agnostic functions avoid accidental biases in problem structure. 

5.4 Generalization Principle 
 
Tie-Breaking Determinism: When heuristic information is weak or unavailable, *any* consistent 
ordering outperforms randomness, and simpler orderings outperform complex ones due to 
computational efficiency. 
 
Applicability: 
 
- Task Scheduling: Job ID modulo N (simple) beats priority prediction (complex) 
- Cache Replacement: FIFO (simple) competes with LRU (complex) in practice 
- Load Balancing: Round-robin (simple) often beats load prediction (complex). 
 
6. Potential Applications  
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The deterministic tie-breaking principle extends beyond graph search to domains where sequential 
decision-making under uncertainty occurs: 
 
 Computer Systems:  
- Task scheduling in operating systems (process/thread queue ordering) 
- Cache replacement policies (LRU/FIFO tie-breaking) 
- Load balancing across distributed servers and microservices 
- Network packet routing with equal-cost multipath (ECMP) 
- Memory allocation strategies in garbage collectors 
- Interrupt handler prioritization in embedded systems 
- CPU core assignment in multi-core processors 
 
 Operations Research:  
- Warehouse picking route optimization 
- Vehicle routing with multiple equivalent paths 
- Traveling salesman problem tie-breaking 
- Facility location selection among equal-cost sites 
- Resource allocation in cloud computing datacenters 
- Job shop scheduling with identical machine capabilities 
- Inventory replenishment order sequencing 
- Assembly line task assignment 
 
 Artificial Intelligence & Machine Learning:  
- Monte Carlo Tree Search (MCTS) node expansion in game AI 
- Reinforcement learning exploration strategies (action selection) 
- Neural architecture search cell ordering 
- Constraint satisfaction problem variable ordering 
- Genetic algorithm parent selection ties 
- Hyperparameter optimization grid search ordering 
- Ensemble model aggregation with tied predictions 
- Attention mechanism tie-breaking in transformers 
 
 Databases & Distributed Systems:  
- Query optimizer plan selection among equivalent costs 
- Distributed consensus tie-breaking (Raft, Paxos leader election) 
- Blockchain fork resolution protocols 
- B-tree/index structure traversal ordering 
- Sharding key distribution strategies 
- Replication server selection 
- Transaction conflict resolution in distributed databases 
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- MapReduce task assignment 
 
Networking & Communication:  
- DNS server selection with equal response times 
- CDN edge server selection 
- Anycast routing destination choice 
- P2P peer selection in BitTorrent/IPFS 
- WebRTC STUN/TURN server ordering 
- Service mesh load balancing (Kubernetes, Istio) 
 
Robotics & Autonomous Systems: 
- Path planning with multiple optimal trajectories 
- Multi-robot task allocation 
- Sensor fusion data prioritization 
- Navigation waypoint ordering 
- Drone swarm coordination 
 
Financial Systems: 
- Order matching in exchanges with equal prices 
- Risk portfolio rebalancing ties 
- Loan application processing order 
- Fraud detection alert prioritization 
 
Bioinformatics & Scientific Computing: 
- Sequence alignment tie-breaking 
- Phylogenetic tree construction 
- Protein folding pathway selection 
- Molecular dynamics simulation ordering 
 
Cybersecurity: 
- Firewall rule evaluation order 
- Intrusion detection system alert prioritization 
- Vulnerability scanner target ordering 
- Penetration testing attack path selection 
 
The core insight—consistent ordering reduces variance and improves predictability—applies 
whenever deterministic behavior is preferable to randomness in tied decisions, with particular value 
in safety-critical, real-time, or auditable systems. 
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7. Related Findings 

7.1 Robustness to Noise 
 
Introducing 0-50% random misclassifications: 
 

 
Interpretation: Arithmetic ordering more robust to implementation errors. 
 

7.2 Consistency Analysis 
 
Coefficient of Variation (lower = more predictable): 
 

 
 
Trade-off: Fast strategies sacrifice consistency for speed. 
- Recommendation: Use DigitSum/Mod2 when average-case matters 
- Use GoldenHash when worst-case guarantees needed 
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8. Practical Guidelines 

8.1 Strategy Selection Decision Tree 

 

8.2 Practical Implementation Checklist guidelines 
 
When selecting a tie-breaking strategy, practitioners should match the ordering function to their 
hardware constraints—bitwise operations (e.g., Mod2) are particularly suitable for embedded 
systems. Before deployment, it is essential to profile the computational overhead of the ordering 
function relative to the actual search time, and validate performance on representative graph 
instances from the target domain. 
 
Critically, algorithm designers should resist the intuition that sophisticated heuristics always 
outperform simple ones. Our results demonstrate that computational complexity often degrades 
rather than improves performance. Therefore, we recommend starting with the simplest consistent 
ordering (such as Mod2 or node ID) and only considering more complex alternatives (O(n) or 
worse) when empirical evidence clearly justifies the additional overhead. 
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9. Limitations & Future Work 

9.1 Threats to Validity 
 
1. Graph Generation: Erdős-Rényi may not reflect real-world structure 
   - Mitigation: Tested 5 topology types, results hold 
2. Scale: Tested up to n=500, unclear if principle holds for n>10⁶ 
3. Weighted Graphs: Not evaluated, weights may change dynamics 
 

9.2 Open Questions 
 
1. Optimal partition ratio: Is 50/50 universally best, or problem-dependent? 

2. Adaptive strategies: Can we switch orderings mid-search? 

3. Theoretical bounds: Prove variance reduction guarantees formally 

4. Real-world validation: Test on industrial routing/scheduling problems 

 

9.3 Extensions 
 
- Hybrid ordering: Combine topological + arithmetic (e.g., degree + DigitSum) 
- Dynamic ordering: Adjust based on exploration statistics 
- Multi-objective: Balance speed, consistency, and memory usage 

10. Conclusion 
 
We demonstrated that simple arithmetic node ordering (DigitSum, Mod2, Inverted-HFP) achieves 
70-75% better performance than complex heuristics in graph search. Three principles emerged: 
 
1. Consistency > Intelligence: Any deterministic ordering beats randomness 
2. Simplicity > Sophistication: O(1) strategies outperform O(√n) strategies 
3. Uniformity > Skewness: 50/50 partitions create balanced exploration 
 
Practical impact: Justifies using trivial tie-breaking (modulo, FIFO, round-robin) in production 
systems where complex heuristics are unjustifiable. 
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Broader significance: Challenges algorithm design orthodoxy—sometimes the best heuristic is 
barely a heuristic at all. When prediction is unreliable, pick any simple, consistent rule and move 
on. 
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Appendix A: Reproducibility 

Code: Available soon at https://github.com/andydevok 
 
Environment: 
 
- Python 3.9+, NetworkX 3.0, NumPy 1.24, SciPy 1.10 
- Random seeds: [0, 149] for 150 tests 
- Runtime: ~2 hours on standard laptop (Intel i7, 16GB RAM) 
 
Replication protocol: 
 
```python 
import networkx as nx 
from strategies import DigitSum, Mod2  # See repo 
 
for seed in range(150): 
    G = nx.fast_gnp_random_graph(50, 0.12, seed=seed) 
    steps_ds = search(G, 0, 49, DigitSum) 
    steps_m2 = search(G, 0, 49, Mod2) 
    # Store results... 
``` 

Appendix B: Statistical Details 

B1: Power Analysis 
 
With n=150 tests, α=0.05, we achieve 80% power to detect effect sizes d ≥ 0.23 (small-to-medium). 
 
Observed effect sizes (DigitSum vs others): 
- vs Mod2: d = 0.11 (below threshold, correctly not significant) 
- vs Prime-HFP: d = 2.01 (far above, correctly significant) 
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B2: Normality Checks 
 
Shapiro-Wilk tests indicate non-normal distributions (p < 0.05) for all strategies. 
- Mitigation: Confirmed results with non-parametric Mann-Whitney U tests 
- All conclusions remain unchanged 
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B3: Multiple Comparison Correction 
 
28 pairwise comparisons → Bonferroni-corrected α = 0.0018 
- Main findings (DigitSum vs Prime-HFP, etc.) survive correction 
- Borderline effects (DigitSum vs Mod2) correctly classified as non-significant 
 

 
 

Appendix C: Extended Results 

C1: Per-Graph Analysis 
 
Distribution of "wins" across 150 graphs: 
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Interpretation: DigitSum doesn't dominate Mod2 on individual instances (near 50/50), but 
consistently beats complex strategies. 
 

C2: Worst-Case Analysis 
 
95th percentile steps (robustness to bad graphs): 
 

 
Note: Simple strategies have worse worst-case but better average-case. 
 
- For safety-critical systems, consider Prime-HFP despite average slowness 
- For typical use, DigitSum/Mod2 optimal 
 

C3: Computational Cost Breakdown 

Profiling 1000-node search: 
 

 
Prime-HFP spends half its time sorting! This explains performance gap beyond variance 
reduction 
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Appendix D: Runnable Demo 
 
# Deterministic Tie-Breaking Demo - Copy to Google Colab 
import networkx as nx 
import numpy as np 
 
# Strategy definitions 
def digit_sum(n): 
    return sum(int(d) for d in str(n)) 
 
def mod2(n): 
    return n % 2 
 
# Core search algorithm 
def search(G, start, end, strategy): 
    steps, visited, stack = 0, set(), [start] 
     
    while stack and steps < 5000: 
        node = stack.pop() 
        if node in visited: 
            continue 
        visited.add(node) 
        steps += 1 
         
        if node == end: 
            return steps 
         
        neighbors = [n for n in G.neighbors(node) if n not in visited] 
        neighbors.sort(key=strategy) 
        stack.extend(neighbors) 
     
    return steps 
 
# Demo: Compare strategies on random graph 
G = nx.fast_gnp_random_graph(50, 0.12, seed=42) 
 
print("Strategy        Steps") 
print("-" * 25) 
for name, func in [("DigitSum", digit_sum), ("Mod2", mod2)]: 
    steps = search(G, 0, 49, func) 
    print(f"{name:12s}    {steps:3d}") 
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Output: 
Strategy        Steps 
------------------------- 
DigitSum           8 
Mod2              11 
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